In the present paper, we derive some interesting relations associated with the Carathéodory functions which yield sufficient conditions for the Carathéodory functions in the open unit disk U = {z : |z| < 1}. Some interesting applications of the main results are also obtained. MSC: Primary 30C45; 30C80
Introduction
Let P denote the class of functions of the form 
Definition . Let D be the set of analytic functions q(z) and injective onŪ\E(q), where
Many authors have obtained several relations of Carathéodory functions, e.g., see
In the present paper, we derive some relations associated with the Carathéodory functions which yield the sufficient conditions for Carathéodory functions in U. Some applications of the main results are also obtained.
Main results
To prove our results, we need the following lemma due to Miller and Mocanu [, p.]
, then there exist points z  ∈ U and ζ  ∈ ∂U\E(q) and on m ≥ n ≥  for which
If p(z) is an analytic function in U with p() =  and
where
with Re(a) > . http://www.journalofinequalitiesandapplications.com/content/2013/1/191
Proof Let us define both q(z) and h(z) as follows:
Now, we suppose that q(z) ⊀ h(z). Therefore, by using Lemma ., there exist points
We note that
and
We can see that the function g(ρ) in (.) takes the maximum value at ρ  given by
.
Hence, we have
, where E is defined by (.). This is a contradiction to (.). Then we obtain Re(ap(z)) > .
Theorem . Let p(z) be a nonzero analytic function in U and p()
where Re(a) > .
Proof Let us define both q(z) and h(z) as follows: Now, we suppose that q(z) ⊀ h(z). Therefore, by using Lemma ., there exist points
We have h(ζ  ) = ρi (ρ ∈ R); therefore,
For the case ρ > , we obtain
We can see that the function g(ρ) in (.) takes the minimum value at ρ  given by
This is a contradiction to (.). Then we obtain Re(ap(z)) > . For the case ρ < , we obtain
We can see that the function g(ρ) in (.) takes the maximum value at ρ  given by
This is a contradiction to (.). Then we obtain Re(ap(z)) > .
Theorem . Let p(z) be a nonzero analytic function in U with p()
We have h(ζ  ) = ρi (ρ ∈ R). http://www.journalofinequalitiesandapplications.com/content/2013/1/191
Therefore,
This is a contradiction to (.). Then we obtain Re(
) > .
Applications and examples
Putting P(z) = β (β > ; real) in Theorem ., we have the following corollary.
Corollary . If p(z) is an analytic function in U with p() =  and
with Re(a) > .
Putting β =  in Corollary ., we obtain the following corollary.
Corollary . If p(z) is an analytic function in U with p() =  and
in Theorem ., we have the following corollary. http://www.journalofinequalitiesandapplications.com/content/2013/1/191
Example . Let f (z) ∈ A satisfy the following relation:
Example . Let f (z) ∈ A satisfy the following relation:
where Re(a) > . 
